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Let R™ be the n-dimensional Euclidean space. hdie a lattice of determi-
nantl such that there is a sphdt¥| < R which contains no point of other

than the originD and has linearly independent points @f on its boundary.

A well known conjecture in the geometry of numbers asserts that any closed
sphere inR™ of radius/n/2 contains a point ofA. This is known to be

true forn < 8. Recently we gave estimates on a more general conjecture of
Woods forn > 9. This lead to an improvement for< n < 22 on estimates

of II'in (1991) to the long standing conjecture of Minkowski on product of

n non-homogeneous linear forms. Here we shall refine our method to obtain
improved estimates for Woods Conjecture. These give improved estimates
of Minkowski’s conjecture fo® < n < 31.
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1. INTRODUCTION

LetL; = ajix1 + -+ + ainzn, 1 < i < n, ben real linear forms im variables
x1,- -+ ,xy and determinanf = det (a;;) # 0. Letey, - -, ¢, be real numbers.
Minkowski is believed to have made the following conjecture

Conjecture | : (Minkowski) There exist integers, - - - , u,, such that

n

1
=1

This conjecture is known to be true far < 8. For a detailed history of
Minkowski's conjecture and related results, see Bamdsaal. [1], Gruber [12],
Gruber and Lekkerkerker [13] and Hans-Gitlal [10]. DefineM,, = M, (|A|)
by

M, = Sule,-n Ln Sup(q,u- ,cn)eR”Inf(ul,--- U )EZT

I 1@iCur, - ) + i)l

1<i<n

Minkowski's Conjecture is equivalent to saying that

1

. 1 :
Chebotarev [4] proved the weaker inequalitfy, < W'A" Since then sev-

eral authors have tried to improve upon this estimate. The bounds have been ob-

tained in the form .

< -
Mn - Vn2n/2

A,

wherey,, > 1. Clearlyy, < 2"/2 by considering the linear forms; = z; and
1 . .
¢; = = for1l < i < n. For a detailed history see Gruber and Lekkerkerker [13]

and Hans-Gillet al. [11]. In particular Mordell [18] obtained,, = 4 — 2(2 —
3v/2/4)" — 27/2 for all n. ( Mukhsinov [19] claimed to obtain improvements for
small values of:, but it contained mistakes as stated in Mukhsinov [20]). II'in [14]
improved Mordell’'s estimates far < n < 17. In 1991, II'in [15] obtained further
improvements fo6 < n < 31. Since Minkowski's Conjecture has been proved
for n < 8, the authors [11] got improvements on results of II'in foK n < 22.
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Making more detailed study, we now obtain further improvements forn < 31.
For convenience of comparison, we give results by Mordell [18], II'in [15], authors
[11] and our improved results in Table I.

TABLE 1

Estimates of| Estimates of II'in| Our earlier | Our improved

Mordell Estimates | Estimates
n Un Un Un Un
9 | 2.8170394 | 3.3151283 19.3967939| 19.9177948
10 | 2.8990614 | 3.4798928 22.6239298| 24.3627506
11| 2.9731018 | 3.5229055 25.3402874| 29.2801145
12 | 3.0405253 | 3.5502417 27.2130945| 32.2801213
13 | 3.1023558 | 3.5785628 27.9834142| 34.8475153
14 | 3.1593729 | 3.6020935 27.5240464| 37.8038391
15| 3.2121798 | 3.6111553 25.871948 | 40.9051980
16 | 3.2612520 | 3.6190753 23.2241420| 44.3414913
17 | 3.3069717 | 3.6392444 19.8972896| 47.2339309
18 | 3.3496524 | 3.6617581 16.2628000| 46.7645724
19 | 3.3895562 | 3.6673429 12.6763203| 47.2575897
20 | 3.4269065 | 3.6723611 9.4205568 | 46.8640155
21| 3.4618973 | 3.6769169 6.6737319 | 46.0522028
22 | 3.4946990 | 3.684080 4.5063277 | 43.6612034
23| 3.5254641 | 3.6863331 37.8802374
24 | 3.5543297 | 3.6897821 32.5852958
25| 3.5814208 | 3.6929517 27.8149432
26 | 3.6068520 | 3.6958893 23.0801951
27 | 3.6307288 | 3.7001150 17.3895105
28 | 3.6531489 | 3.7026271 12.9938763
29 | 3.6742031 | 3.7049722 9.5796191
30 | 3.6939760 | 3.7086731 6.7664335
31| 3.7125466 | 3.7255824 4.7459720

We shall follow the Remak-Davenport approach. For the sake of convenience
of the reader we describe this approach and give some basic results which are also
stated in [11].

If L; = ajix1+ -+ ainxyn, 1 < i < n,aren real linear forms of determinant
A = det (a;5) # 0, then the associated lattice

A ={(L1(u,- - s Ln(ug, -+, un))

(w1, un) € Z"}

7un)7"'
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is of determinant/(A) = |A|. Clearly we can state Minkowski’s Conjecture in the
terminology of lattices as :

Any lattice A of determinant/(A) in R™ is a covering lattice for the set

d(A)
on -

Slrize. . x| <

Define the homogeneous minimum/efas
My (N) = Inf{|ziza. .. 20 :
X = (z1,22, - ,xn) € A, X # O}.

Birch and Swinnerton-Dyer [2] proved.

Propositionl — Suppose that Minkowski Conjecture has been proved for di-
mensiondl, 2, ...,n — 1. Then it holds for all latticeg\ in R™ with My (A) = 0.

McMullen [17] proved.

Proposition2 — If A is a lattice inR™ with Mg (A) # 0 then there exists an
ellipsoid havingr linearly independent points @f on its boundary and no point of
A other tharO in its interior.

It is well known that using these results Minkowski’s Conjecture would follow
from

Conjecture IlI: If A is a lattice inR™ of determinant 1 and there is a sphere
|X| < R which contains no point of\ other thanO in its interior and has
linearly independent points @f on its boundary then is a covering lattice for the
closed sphere of radiugn/2. Equivalently, every closed sphere of radiys /2
lying in R™ contains a point of\.

Woods [22, 23, 24] proved this conjecture for= 4,5 and6 using Korkine
and Zolotareff reduction. Korkine and Zolotareff [16] proved that a cartesian co-
ordinate system can be choser®if in such a way that has a basis of the form

(A1707'” ,0),(@21,142,0,"' 7O>7"' 7(a7’b—1,17"' 7An—170)7<an1a”' 7A7l>7

whereAq, A,, --- , A, are all positive. Further for each 1 < i < n, the lattice
A; in R~ generated by

(A’iaoa e 70)7 (ai-l—l,’iaAi-i-l?()) o 70)) e 7(ani7an,i+17 o 7An)



ESTIMATES ON CONJECTURES OF MINKOWSKI AND WOODS Il 311

has minimumy4; i.e.
A; =Inf{|P|: P € N;, P+# O}.

We shall call such a basis a reduced basig\ofWoods [23, 24] made the
following Conjecture.

Conjecture Ill (Woods). If d(A) = A;...A, = 1 and 4; < A for
i = 2,---,n, then any closed sphere &" of radius/n/2 contains a point of
A.

Woods [24] showed that Conjecture Ill implies Conjecture Il. He [22, 23, 24]
proved Conjecture Il fon = 4,5 and6. Hans-Gillet al. [8] gave a unified sim-
pler proof forn < 6. Authors [9, 10] proved it fom = 7 and8. In [11] we
obtained estimates,, for Woods Conjecture forn > 9. Here we shall obtain im-
proved estimates on Woods conjecture. These automatically lead to improvements
of estimates on Minkowski’s conjecture far< n < 31.

To deduce the results on the estimates of Minkowski's conjecture we also need
the following generalization of Proposition 1.

Proposition3 — Suppose that we know

1
A — <j<n-—1.
Mj_]/j2j/2 for 1<j<n-1
Letv < min vy, v, . .. v, Where the minimum is taken over &lt;, ko, - - - , ks)

such thath = k1 + ko + - - - + ks, k; positive integers for all ands > 2. Then
for all latticesA in R™ of determinant with My (A) = 0, the estimate holds for
Minkowski's Conjecture.

To prove this result one can follow the line of proof of Proposition 1, which is
Lemma 7 in the paper of Birch and Swinnerton-Dyer [2]. We shall omit the details.

In this paper we shall prove :

Theoreml — Let9 < n < 31. Ifd(A) = A;... A, = 1and 4; < A; for
i = 2,---,n, then any closed sphere R of radius/w,,/2 contains a point of
A, wherew,, is as listed in Table 2.

Remark 1 : As mentioned above,, = n are the best possible estimates for
n < 8. Together with Theorem 1 of [11], this theorem leads to improvement of
estimates on Woods Conjecture for all larger
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Since by arithmetic-geometric inequality the sph%ﬁé eR":| X |<

. 1 y
is a subset ok X : |z1x2...xy,| < Qn/z(;n)n/z}, Theorem 1 and Proposition 3
n

%)

immediately imply.

Theorem2 — The values of,, for the estimates of Minkowski's Conjecture
m n/2
can be taken a{) .

Wn
For9 < n < 31, these values are listed in Table 1.

In Section 2 we state some preliminary results and in Section 3 we prove The-
orem 1.

2. SOME PRELIMINARY RESULTS

Let A(.S,,) denote the critical determinant of the unit sph&ewith centreO in R™
i.e. A(S,) =Inf{d(A): A hasno point other than O in the interior of S, }.

Let +,, be the Hermite’s constant i.e,, is the smallest real number such that
for any positive definite quadratic for@ in n variables of determinan®, there
exist integersiy, uo, - - - , u, Not all zero satisfying

Q(ula U, - ,Un) < ’YnDl/n

It is well known thatA?(S,,) = +,". LetLL be a lattice inR™ reduced in the
sense of Korkine and Zolotareff. Let;, As,--- , A, be as defined in Section 1.
Write B; = A?. We state below some preliminary lemmas. Lemma 1 is due to
Korkine and Zolotareff [16], Lemma 2 is due to Pendavingh and Van Zwam [21]
and Lemmas 3 and 4 are due to Woods [22]. In Lemma 5, the ease? and3
are classical results of Lagrange and Gauss; 4 and5 are due to Korkine and
Zolotareff [16] whilen = 6, 7 and8 are due to Blichfeldt [3].

2
Lemmal — For all relevant, B;;1 > %Bi andB; o > §BZ- .

Lemma2 — For all relevant, B;;4 > (0.46873)B,;.

(Notice that what we denote by; is denoted by4; in some papers e.g. [21]).
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Lemma3 — If 2A(S,+1) A} > d(L) then any closed sphere of radius
R = Ai{l — (ATA(Sp41)/d(L)*}/?
in R™ contains a point of..

Lemmad — For a fixed integef with 1 < i < n — 1, denote by, the lattice
in R? with the reduced basis

(A1,0,-+,0), (a2, A2,0,-++,0), -+, (@i, @iz, -+ 5 @1, Ai)
and denote b¥., the lattice inR™~* with the reduced basis

(Aig1,0,---,0), (@ig2,i41, Aig2,0,- -+ ,0), -, (Qnyig1s Angit2, - 5 Angn—1, Ap)-

If any closed sphere iR’ of radiusr; contains a point of.; and if any closed
sphere inR™~* of radiusr, contains a point of., then any closed sphere Ri* of

radius(r2 + r3)"/? contains a point of..

Lemmas — A(S,) = V3/2, 1/v/2, 1/2, 1/2v/2, v/3/8, 1/8 and1/16
forn= 2, 3, 4, 5, 6, 7 and 8 respectively.

Lemmab —
I = 0t n-1
by =195 v, Y < B, <my, where m,=7,";. (2)

This is Theorem 2 of [11]. One may remark here that the lower bourts},of
in Lemma 6 can be improved slightly by making use of Lemma 2 i.e.

1 1 1

n—1

—1
{(8-5337)§%Hvﬁii : --vé’} < B, <7, (3)
Lemma’ — For any integeg, 1 <s<n-—1

1 1 1 n—s
BiBy ... By < p{”, where u{® = <%3”%75 ~--%f[§+1> G

This is Lemma 4 of [11].
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3. PROOF OFTHEOREM 1

We assume that Theorem 1 is false and derive a contradictiofi. lhe# lattice sat-
isfying the hypothesis of the conjecture. Suppose that there exists a closed sphere
of radius,/w,, /2 in R™ that contains no point dt. SinceB; = A? andd(L) = 1,

we haveB1 By ... B, = 1.

We give some examples of inequalities that arise. ILebe a lattice inR'
with basis(A;), Ly be a lattice inR* with basis (A5, 0,0,0), (as2,As,0,0),
(a4,2,a473,A4,0), (a5,2,a573,a5,4,A5), and]Li, for 6 < ¢ < n be lattices inR!
with basis(A4;). Applying Lemma 4 repeatedly and using Lemma 3, we see that if
2A(S5)A§ > Ay A3 A4 A5 then any closed-sphere of radius

ADA(S5)? 1 1.\
5 <5>2+A3+...+4Ag>

1
AT+ AL - 2
<4 AZAZAZAZ T4

contains a point oL. By the initial hypothesis this radius exceegs, /2. Since
A(S5) = 1/2v/2 andB; Bs...B,, = 1, this results in the conditional inequality

1
if ByB1Bg...B, > 2 then Bl+4Bg—§B§B1B6 ...Bp+Bg+Bi+- - +Byp, > wy.

(5)
We call this inequality(1, 4,1, --- , 1), since it corresponds to the ordered par-
tition (1,4,1,---,1) of n for the purpose of applying Lemma 4. Similarly the
conditional inequality(1,---,1,2,1,--- ,1) corresponding to the ordered parti-

tion(1,---,1,2,1,--- ,1)is

2B?
if 2B; > B;11 then Bj+-- +BZ,1—|—4Bl—B t +Bito+---+Bp > wn. (6)

i+1

: 2B? : L :
Since4B; — - < 2B;1, the second inequality in (6 ) gives
i+1

B1+"'+Bi_1-I-QBZ'.H—I-BH_Q'F"‘-FBH>wn. (7)

One may remark here that the conditi®B; > B,.1 is necessary only if we
want to use inequality (6), but it is not necessary if we want to use the weaker
inequality (7). This is so because2iB; < B, 1, using the partitior{1, 1) in place
of (2) for the relevant part, we get the upper boubd+ B; 1 which is clearly less
than2B;,. We shall call inequalities of type (7) as weak inequalities.
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If (A1, A2, ,As) is an ordered partition of, then the conditional inequality
arising from it, by using Lemmas 3 and 4, is also denoted Yy Ao, - - - , As).
If the conditions in an inequality\, Ao, - - - , \s) are satisfied then we say that
()\1, Ag, e, )\5) holds.

Sometimes, instead of Lemma 4, we are able to use induction. The use of this
is indicated by putting*) on the corresponding part of the partition. For example,
if forsomes, 1 < s <n—1, Bsy1 > Byyjforallj, 2 < j < n—sthenthe
inequality(s*, (n — s)*) holds, which gives

l 1 n—s
¢s,n—s(BlBQ e Bs) = WS(BIB2 e Bs) s+ Wp—s <BlBgBS> > Whp-
(8)

In particular the inequality(n — 1)*, 1) always holds. This can also be written as

F(Bn) = wn1(Bp) ™7 + By > wy. )

We haveB; > 1, because ifB; < 1, we haveB; < B; < 1 for eachi
contradictingB, Bs...B,, = 1.

LemmaB8 — For any integeg, 1 <s<n-—1

( k(2k—2) ps
(0.46873) B &
4k
k(2k—1) ps
(0.46873) BY ekl
4k
B1B;y...B, >
3(0.46873)kk)ps
f s=4
1 4F if s k+2
(0.46873)kCk+lps
5 % 4F if s=4k+ 3.

This follows easily by induction ok, using Lemmas 1 and 2.
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Lemmad — For any integes, 1 <s<n-—1

(0.46873)k(2k=2)
4k gn=s

if n—s=4%k

4 k(2k—1)
(0.46873) if n—s=4k+1

4k Bp—s
B1By...Bg >

3(0.46873)k(2k)
n

0.46873)k(2k+1)

<2><4k)B”_S if n—s=4k+ 3.
n

ProOOF: We haveB;Bs ... By = ! . Now the proof follows

i . . . Bs+lBs+2 <o Bn
easily by induction ork and using Lemmas 1 and 2.

Remark?2 : Let
0, = the best centre density of packings of unit spherd®’in
95 = the best centre density of lattice packings of unit spher&s'in

Then it is known that (see [7], page 20)

3

o = 4(65) % < 4(6,) (10)
oy and hencey, is known forn < 8. Also 4 = 4 has been proved by Cohn and
Kumar [6]. For9 < n < 31, n # 24, using the bounds of}, given by Cohn and
Elkies [5] and inequality (10), we find bounds gp which we list in Table 2.

LemmalO — For eachn, 9 < n < 31, we haveB,, < ¢, where?, is a
suitably chosen real number listed in Table 2.

n—1

PROOF: SupposeB,, > //,. By Lemma 6 we have3, < m,, = v,,";. The
inequality ((n — 1)*,1) gives f(B,) = wn 1B 4 By > wa. A simple
calculation shows that the functigi{ B,,) has its maximum value at one of the end
points of the interval¢,,, m,]. We find that maxf(¢,), f(m,)} < wp, giving
thereby a contradiction.
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Remark 3 : In Table 2 we list the estimates, on Woods Conjecture which
we obtain in Section 3. The suitable real numbéydisted in Table 2 satisfy
l, < £, < my, where lower bound,, and upper bound,, of B,, are as given
in Lemma 6. In [11] we used only the inequality — 1)*, 1) to obtain estimates
for 9 < n < 22. Having used(n — 1)*,1) for ¢/, < B,, < m,, here we shall
use more inequalities faB,, < ¢/, to get better estimates. For eaclthe numbers
wp, and/,, are chosen by careful scrutiny of the inequalities that arise. Inequalities
used for each are listed in Column 4 of Table 2.

Remark 4 : Sometimes we need to maximize functions of several variables.
While doing this we shall find it convenient to name the function involved as
g(x), g(z,y) etc. to indicate that it is being regarded as function of that variable
and other variables are kept fixed. When we say that a given function of several
variables inx, y, - - - is an increasing/decreasing functiomofy, - - -, it means that
the concerned property holds when function is considered as a function of one
variable at a time, all other variables being fixed.

TABLE 2

n | v < s Inequalities Wn

9 | 2.1326324] 0.4723 (8%,1),(1,2,2,2,2),(2,1,2,2,2), 9.2587472
(1, 1,2 ,2)

10 | 2.2636302| 0.45489 | (97,1),(2,2,2,2,2),(6%,4), (5%,5), 10.5605061
(1, 9*),(2,8 ), (3,7%), (1,4,5%)

11 | 2.3933470| 0.43871 | (10%,1),(7%,4),(2,---,2,1,2),(6%,4,1) | 11.9061976
(1,10%),(2,9%),(1,2,---,2),(1,4,6%)

12 | 2.5217871| 0.349378 | (11*,1),(8*,2,2) 13.4499927

13| 2.6492947| 0.3503 (127, 1), (17,127), (27, 11%), 15.0562267
(2,1,2,2,2,2,2)

14 | 2.7758041| 0.36 (13* ) (3%,11%), (8%, 6%) 16.6646332
(2,2,---,2)

15 | 2.9014777| 0.3867 (14* )( (16 —5)"),s=4,6,7,8 18.2901579
(1,2,2,---,2)

16 | 3.0263937| 0.3843 (15* ),(s*,(16—s)*),s:5,6,7,8 19.9204292
(2,2,---,2)

17 | 3.1506793| 0.3567496 (16* ),(s>:(17—s)*),s:6,7,8,9T 21.6026907
(1,2,2,- 2)

187 3.2743307| 0.32386 | (177, 1), ( - .2) 23.4831402
(s*, ( )*),5:5,6,7,8,9

19 | 3.3974439| 0.3259 (18%,1),(1,2,2,---,2) 25.3234826
(s* ,(19—8)*),522,3,5,--- ,9
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TABLE 2 (continued)

n | Yo < s Inequalities wWn,

20 | 3.5200620] 0.3185 | (19°,1), (2.2, --,2) 27.2255111
(3*7(20_8)*)75:1727 ) 79

21 | 3.6422432| 0.3182 | (207,1), (5", (21 —s)"),s = 1,---,9,101 | 29.1638254
(231a27"' a2)

22 | 3.7640371] 0.2925501| (21°,1), (5", (22 —s)7),s = 1,---,9,101 | 31.2142617
(27 2) U ’2)

23 | 3.8854763| 0.2420327| (22°,1), (5", (23 —s)7),s = 1,---,9,107 | 33.5354821
(2a17 T 32)

24| 4 0.2431596] (23%,1), (s*, (24 —5)"),s = 1,---,10,117 | 35.9050965
(2a 2,--- 72)

25 | 4.1274438| 0.2444457| (247,1), (5", (25 —s)7),s = 1,---, 11,121 | 38.3201985
(271527"' )2)

26 | 4.2480446| 0.2342451| (257,1), (5, (26 —s)7),s = 1,---, 11,121 | 40.8449876
(2a 25 o a2)

27 | 4.3684312| 0.1932462| (267,1), (5", (27 —s)7),s = 1,---, 11,121 | 43.7039431
(231a27"' a2)

28 | 4.488631 | 0.1950064| (27°,1), (5, (28 —s)7),s = 1,--- 12,13 | 46.6267624
(2,2,-+,2)

29 | 4.6086676| 0.19685 | (287, 1), (5, (29 —s)"),s = 1,---, 13,147 | 49.6305176
(2a1527"' 32)

30 | 4.7285667| 0.1815776| (297, 1), (5", (30 —s)7),s = 1,---, 13,147 | 52.8194566
(2a 2; o 72)

31| 4.8483483] 0.1835723] (30*,1),(s*, (31 —s)*),s = 1,---, 14,157 | 56.0735184
(2715 y " )2)

3.1Proof of Theorem 1 fod < n < 12

Recall thatlL is a lattice for which Theorem 1 is false. We derive a contradiction
for eachn, 9 < n < 12, in the following subsections.

311—mn=9

Here we havevy = 9.2587472, B; < ~9 < 2.1326324 and By < 0.4723 = {;
(see Table 2 and Lemma 10).

Claim (i) B; > 1.85916.

The weak inequality(1, 2,2, 2,2) gives B + 2B3 + 2B5 + 2By + 2By >

9.2587472. Using Lemmas 1 and 2 we gBj +2 {

1.5

0.46873

* 0.46873

-1-1.5—!—1}
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(0.4723) > 9.2587472. This givesB; > 1.85916.

Claim (ii) B2 > 1.7008.

-2

11 1
Suppose3; < 1.7008. By Lemma 7, we geBg > <798787 . .7?3) By !>
(2.0745451)72(0.4723)"" > 0.49196. Since2B; > By and2Bg > By, the

. . : . 2B?
inequality (2,1,2,2,2) holds which givestB; — B—l + Bs + 2Bs + 2B7 +
2

2B2 o . .
4Bg — B—S > 9.2587472. Left side is a decreasing function &f,, Bg and

9
an increasing function oB;y, By. SinceB, < 1.7008, By < 0.4723, B; >
. 2(1.85916)2
1.85916 and Bg > 0.49196, this gives4(1.85916) — g + B3+ 2B5 +

04 2 1.7008

2(0.49196 .

_ . . <
04723 > 9.2587472. This is not true forBs; <

By, B7 < 1.5Bg and By < 0.4723. This gives a

2B; + 4(0.49196) —
1.5

=2 By B < ——
0.46873 0 7% = 0.46873
contradiction.

Final contradiction

B3 B3

Here B4 Bg BBy Bo B = 2 2 > 2 sinceBsy > 1.7008
2POTTESEOEL T BBy By ~ 2B3/(0.46873)3 2

and By < 0.4723. Also 2Bg > 2 x 0.46873By > B; asB; < 1.5By. Simi-

IarIy 2Bg > By, therefore the inequalityl, 4, 2 2) holds. This gives3; + 4B —
2

28§ 2B
7B2BgB7BngBl + 4Bg — ? + 4Bg — ? > 9.2587472. Using AM-GM
7 9

inequality we getB, + 4B, + 4B + 4Bs — 3 x 25 BY Bj BgBs > 9.2587472.
Left side is a decreasing function &fs and Bg, and Bg > 0.46873B5, Bg >

2 2
3 x 0.46873 B3 so we can replacBgs by 0.46873 B, and Bg by g(0.46873)32 to

1 1
getB; +4(1.78121)By — 2§Bf B,? (0.46873)? > 9.2587472. Left side of this in-

equality is a decreasing function B and an increasing function @f,. So we can
replaceB; by 1.7008 and31 by 2.1326324 to get2.1326324+4(1.78121)(1.7008)—

4 . . .
25(2.1326324) (1. 7008) (0 46873)% < 9.2587472, which gives a contradic-
tion. O

3.1.2—n =10

Here we havev;p = 10.5605061, B < 719 < 2.2636302 and Byp < {}, =

319



320 R.J. HANS-GILL, MADHU RAKA AND RANJEET SEHMI

0.45489 (see Table 2 and Lemma 10).

Claim (i) Bo > 1.71684.

The weak inequality2, 2, 2,2, 2) gives2By + 2By + 2Bg + 2Bg + 2B1p >

. 1.5 1
10. 1. L 1 2 2 1.5+1
0.5605061. Using Lemmas 1 and 2 we g&By+ {0.46873 + 516573 +1.5+ }

(0.45489) > 10.5605061. This givesBy > 1.71684.

Claim (ii) B; < 0.7663

B} _ (0.7663)°
BgBg B 23?0
Therefore the inequality6*,4) holds. This givess(B1 By ... Bg)'/% + 4B; —

1 . . .
5B?BlBg ... Bg > 10.5605061. Left side is a decreasing function B8f, so we

> 2.

SupposeB; > 0.7663. ThenB2B1 By ... Bg =

1
can replaceB; by 0.7663 to getg(z) = 6z'/% + 4(0.7663) — 5(0.7663)5:5 >

10.5605061 wherex = By Bs . .. Bg. The functiong(z) has its maximum value at
26/5
= ———— whereitis less thah0.5605061. This gives a contradiction.
¥ 0.7663)8 g

Claim (jii) Bg < 0.9366

B} (0.9366)*
BrBsBgBig ~ 2B3,(0.7663)
16 . . L
3 Therefore the inequalit{s*, 5) holds. This give$ (B B; ... Bs)'/® + 4B —
3 g S . .
1—(SBE’BIBQ ... Bs > 10.5605061. Left side is a decreasing function B8, so we

3
can replaceBs by 0.9366 to getg(z) = 5z'/° + 4(0.9366) — E(0.9366)6x >
10.5605061 wherex = By Bs . .. Bs. The functiong(z) has its maximum value at

SupposeBs > 0.9366. ThenBE BBy ... Bs =

1 (5/4) . L .
x = (3(09566)6) , Where it is less thamh0.5605061. This gives a contradic-

tion.

Claim (iv) B; > 1.977081

SupposeB; < 1.977081. SinceBs < 1.5B7 < 1.14945, By < 1.5Bg <
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1.4049, B3 < B 1.634 dB 1.71684 find thatBy i
049, 3_0.468737< 63485 and B, > 1.71684 we fin atBs Is

larger than each aBs, By, - - - , B1g. Therefore inequalityl, 9*) holds. This gives
By + 9.2587472(B;) '/ > 10.5605061 which is not true forB; < 1.977081.

Claim (v) By > 1.892
SupposaB, < 1.892.

Case (i))B3 > Bj.

2 i
As B3 > §Bl > 1.318054, it is larger than each aBy, Bs, - - - , B1g. Also

2B; > By, therefore inequality2, 8*) holds. This givesy(By, B2) = 4B —

2B? . . .

B—l + 8(B1B2) ¥ > 10.5605061. g(B;, By) is a decreasing function d#,
2

and is an increasing function d#,, thereforeg(B;, B2) < ¢(1.977081,1.892)

< 10.5605061. This gives a contradiction.

Case (ii)B3 < Bj.

2 .
As By > Bg > gBl > 1.318054, By is larger than each aBs, Bg, - - - , B1o.
Also Bf > By Bjs, therefore inequality3, 7*) holds. This giveg(Bi, B2, Bs) =
3

B . . .
4BI—B é +7(B1B2Bs3) "7 > 10.5605061. Left side is a decreasing function
2Bs

of By and is an increasing function d®; and B3, thereforeg(Bj, Bs, B3) <
9(1.977081,1.892,1.4049) < 10.5605061. This gives a contradiction.

Final contradiction

B3 B3
Here B Bs B Bs By BB = 2_ > 2 > 2 for
2P0PTPSEIPIOTL T BB By T 1.63485 x 1.4049 x 1.14945
By > 1.892. Also Bg > 0.46873By > 0.8868. ThereforeBg is larger than

each ofB7,- - - , B1p. Hence inequality(1, 4,5*) holds. This givesB; + 4By —
4

B . . .

ﬁ + 5(B1ByB3ByBs) "1/%) > 10.5605061. Left side is an increasing
3045

function of B3 B4 Bs; a decreasing function d®; and an increasing function a&f;.

One easily checks that this inequality is not trueBr< 2.2636302; By > 1.892

andB3 BB < 1.63485 x 1.4049 x 1.14945. o
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3.13—n=11

Here we havev;; = 11.9061976, By < 11 < 2.393347 and By; < 0.43871 =
¢}, (see Table 2 and Lemma 10).

Claim (i) Bg < 0.69641

B} . (0.69641)3
By B10B11 2B3,
2. Therefore the inequality7*, 4) holds. This give§ (B Bs...B7)"/7 + 4Bg —

1 Ly . .
5333132 ...B7 > 11.9061976. Left side is a decreasing function 8k, so we

SupposeBs > 0.69641. ThenBgB1 By ... By =

1
can replaceBs by 0.69641 to getg(z) = 7z'/7 + 4(0.69641) — 5(0.69641)5:@ >

11.9061976, wherex = By Bs ... B;. The functiong(x) has its maximum value at
27/6 . o -
r=-————— Whereitis less thahl.9061976. This gives a contradiction.
(0.69641)35/6

Claim (i) By > 1.95859.

The weak inequality2,2,2,2,1,2) gives2B, + 2B, + 2Bs + 2Bg + By +
2B1; > 11.9061976. Using Lemmas 1 and 2 we g&Bs + 2{0 16873 + 1.5+
1}(0.69641) + {1.5 + 2}(0.43871) > 11.9061976. This givesBy > 1.95859.

Claim (iii) B7 < 0.8525

B}
BsBgBig
2. Therefore the inequality6*,4,1) holds. This gives

SupposeB; > 0.8525. Then B3B;1B1By...Bs =

(0.8525)3
2B2,(0.69641)

1 .
6(B1Bs...Bs)'/0 4+ 4B; — 53?3113132 ... Bg+ By1 > 11.9061976. Left side
is a decreasing function @;, so we can replacB;; by 0.46873B; to getg(z) =

1
62/6 + 4.46873B; — 53?(0.46873)3: > 11.9061976, wherex = B1Bs . .. Bg.

2
The function has its maximum value at = (——— )%/, Therefore
9(@) (G 1637350
9 1/5
< H(———-xs 4.46873B7 = ¥ (B7), say. ¢¥(B7) is a decreasin

. 4 L
function of By as B; < ng < 1, thereforey)(B7) < (0.8525) which is less
than11.9061976. This gives a contradiction.
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Claim (iv) By > 2.1016

SupposeB; < 2.1016. SinceBg < 1.5Bg < 1.04462; Bs; < 1.5B7 <

1 1
1.2 By < —————B 1.4 Bs < B 1.8188 and B
7875, By < Grrg s < 1486, By < Graers Br < 1.8188 2=
1.9585 we find thatB- is larger than each oBs3, By, - , B11. Therefore the
inequality (1, 10%) holds. This givesB; + 10.5605061(B;)~*/10 > 11.9061976
which is not true forB; < 2.1016.

Claim (v) B, > 2.013
Supposeb; < 2.013.
Case (i)B3 > 1.486 (> By).

3 .
As Bs < 5B7 < 1.27875, Bs is larger than each aBy4, Bs, - - - , B11. There-

. : L 2B
fore the inequality2, 9%) holds. This giveg (B, By) = 4B; — B—l +9.2587472
2

(B1B2) ™19 > 11.9061976. g(By, Bs) is a decreasing function d#; and is an
increasing function oBs, thereforey( By, B2) < ¢(2.1016,2.013) < 11.9061976.
This gives a contradiction.

Case (ii)B3 < 1.486.

The weak inequality1, 2,2, 2,2, 2) gives By + 2Bs + 2B5 + 2B7 + 2Bg +
2B11 > 11.9061976. Using Lemma 1 and Claim (iii) we see that the left side is
< 2.393347 + 2(1.486) + 2{1.5 + 1} B; + 2{1.5 + 1} B;; < 11.9061976. This
gives a contradiction.

Final contradiction
B3 B3
Here BiBg...B1 1B = 2_ > 2 > 2 for By >
276 PUPL T BBy Bs ~ 1.8188 x 1.486 x 1.27875 2
2.013. Also Bg > 0.46873By > 0.94355. ThereforeBs is larger than each of
4
Bz,---, Byi. Hence inequality1, 4, 6*) holds. This give$3;+4By— ——2
7 , b11 q y1,4,6%) g 1+452 B3 B41D-
6(B1B2B3B4Bs) "1/ > 11.9061976. Left side is an increasing function of
B3B,Bs5; a decreasing function aB, and an increasing function dg;. One
easily checks that the inequality is not true 8y < 2.393347; By > 2.013 and
B3ByBs; < 1.8188 x 1.486 x 1.27875. O

_l’_

314—n=12

Here we havev s = 13.4499927, B; < 712 < 2.5217871 and B3 < 0.349378 =
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s (see Table 2 and Lemma 10). From Lemma 7 we h&4e3;...Bs

4
11 1
< (71121%110...7;) which, by Table 2, is less thaii2.14004)*. Now

3 L
8(BlB2 c.. Bg)1/8 + 2B1g + 2B1o < 13.4499927 as By < 5312. This gives
a contradiction to the weak inequalitg*, 2, 2). O

3.2 Proof of Theorem 1 foi3 < n < 31
As mentioned earlier we assume that Theorem 1 is false and derive a contradiction.
For fixedn ands, 1 < s <n — 1, define

1

(bs,n—s(x) = WS.CC% + wn—s(l/m)m,

Let )\gn) be the larger of the lower bounds 8f B, . . . B; given in Lemmas 8
and 9. Recallugn) is the upper bound aB, B, . .. B given in Lemma 7.

Lemmall — If for some s, 1 < s < n — 1, d)s,n_s()\g")) < w, and
¢57n_8(u§")) < wp, then we must havB, 1 < maz{Bsia, -, By}

PROOF : Suppose3;.1 > max{Bs;2," - , By}, then the inequalitys*, (n—
s)*) holds which gives inequality (8) i.e.

1

l 1 n—s
¢s,nfs(BlB2 e Bs) = ws(Ble e BS)S + Wn—s <B1BQBS> > Wp.

It is easy to see that the functiah ,,—s(x) has maximum at one of the end
points of the interval in which lies. Forz = B1Bs ... By and)\g”) < B1Bsy...B;

< u@, the above inequality contradicts the hypothesis.

Remark5 : We find thatnax {¢S,H_S(A§”)), ¢Svn_s(u§") )} iS Ps.n—s (ug’”) in

all the cases. So for simplicity of verification m,n,s()\g")) < wy, wWe sometimes

choose a convenient numbeyr 0 < a < A§”> for which ¢ ,—s(a) < wy. In
particularg, ,,—s(1) = ws + wp—s < wy, always.

Lemmal2 — Suppose that forsome 1 < s <n—1, ¢S,R,S(A§">) < wy, but
qﬁs,n_s(ugn)) > w,. Let a real numbes'™ be such than™ < o{ < 4™ and
¢s,n—s(0'§n)) < wn.
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() If B1By...B, < o™, then By < maz{Bsya, -, Bn},

(n)

(i) If BiBy...B,> o, then By, < - L
Os

PROOF: In Case (i), Lemma 11 gives the result. In Case (ii), sibgg; =

B;...B .
2L 25+l \ye use Lemma 7 to get the desired result.
B;...B;
Remark 6 : We will use Lemma 12 fon = 17,21,22,---,31. Thoses for
which we apply Lemma 12 are indicated by puttin@n s in Table 2.

Remark 7 : For the proof of Theorem 1 in the cases < n < 31, we apply
Lemmas 10, 11 and 12 successively (Lemma 12 is used in cases mentioned in
Remark 6) and get a final contradiction by applying weak inequétitg, - - - , 2)
for evenn and(1,2,2,---,2) or(2,1,2,---,2) for oddn. Using upper bounds
of B; for different s obtained in Lemmas 10, 11, 12 and using Lemmas 1 and 2,
we find that2By + 2By + --- + 2B, 0r By +2B3 +--- + 2B, 0r 2By + B3 +
2B5 + - - - + 2B, is less thanv,,, giving thereby a contradiction.

We illustrate the method fot = 13,14, 17, 21, 31. Others are similar and can
be verified with the help of the inequalities listed in Table 2.

3.21—n =13

Herew;s = 15.0562267 andmis = 2.3485931. By Lemma 10 we can takB3 <
0.3503 = ¢}5. By Lemmas 7 and 8 we have

1< A < By < ul1 = 26492047,

0.75 < A\ < BB, < il = (1.1797224)"

Furthermax{¢1712(A§13)), ¢1,12(u§13))7 ¢2,11(/\§13)), ¢2,11(u§13))} = ¢2,11(M§13))
which is < 15.0562267 = wy3. Therefore by Lemma 11 we can tay <

max{By, Bs, -+, B13} which is < 5 B13 (by Lemmas 1 and 2) and

(0.46873)
4
¢B

By < B3, By,--- ,B which in turn is also< 3. Now
o < max{Bs, By, -, Bi3} S (0468732 01
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232 + Bg -+ 2B5 —+ 2B7 =+ 2B9 —+ 2311 —+ 2313

<y a3 23 1 15 1
=70 (0.46873)2 " (0.46873)2 ' (0.46873)2 ' 0.46873 ' 0.46873

3
+2+1}Blg

3 2.5

2.5} Bys < 15.0562267 for Biz < 0.3503.
(0468737 " 046873 T 0P or Fis

=

This is a contradiction to the weak inequali®; 1, 2, 2, 2, 2, 2). O
322—m=14

Here w4 = 16.6646332 andmy4 = 2.4711931. By Lemma 10 we can take
By < 0, = 0.36. By Lemmas 7, 8, and 9 we have

0.5 < A" < BiByBs < puf = (1.2761057)11,
3(0.46873)2

<A < BiBy... By < i = (2.0433047).
1655,

1<

Furthermax{cbs,ll(AéM)), ¢3,11(M§14))’ ¢8,6()\§;14))a ¢8,6(N5(514))} = ¢3,11(M§14))
which is < 16.6646332 = wy4. Therefore by Lemma 11 we can tak® <

maX{Blo, By, Bl4} whichis<

1
B4 (by Lemmas 1 and 2) and
016573 01 (Y )ank; <

1 1
——__Byy,asBs < ———— DBy, Bg <
(0.46873)2 1 TP = 4687370 0 =

3 4
2By, By < 539 andBg < ng Now

maX{B5, Bg, - -- ,B14} which is<

2By +2B4 4+ 2Bg 4+ 2Bg + 2B1g + 2B13 + 2B14

< 1.5 n 1 n 2 n 4/3 n 1
- (0.46873)2  (0.46873)2  0.46873 = 0.46873 = 0.46873
3
+-+1p By
2
2.5 13/3
— o L I3 5y B, < 16.6646332 for Buy < 0.36.

(0.46873)2 " 0.46873

This is a contradiction to the weak inequali; 2,2, 2,2, 2,2). a
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3.2.3—n=17

Herew;; = 21.6026907 andm;7 = 2.8355395. By Lemma 10, we can take
By7 < l}; = 0.3567496. By Lemmas 7, 8 and 9 we have

0.04 <A < BBy ... Bs < u{'™ = (1.5927325)11,

3(0.46873)8
(64B10) <M < BiB,... By < ' = (1.7379745)"°,
17
4 6
(01;;3) <A < BBy By < 1 = (1.9031203)°,
17
0.46873)*
% <A < BB,... By < ' = (2.0920018)8.
168,
We find that

max {%,17—5()\&17))7 ¢s,17—s(ﬂgl7))7 for s = 6,7, 8} = ¢6,11(Ué17)) < w17.

Therefore by Lemma 11 we can tak®y < max{Bio, --,Bi7}, Bs

< maX{Bg, s ,317} and B; < maX{Bg, s ,317} = max{Blo,- .- ,B17}.

. 1.
Since by Lemmas 1 and B;; < ngB th7 = w7y, (say) and

<
7= 0.46873
max{Bi1, -, Bi7} » therefore each ofB; and By is

S max{Blo, 'U,17€I17}.

< 7
= 0.46873" "

We notice thatﬁgjg()\g(;?)) < wq7 but ¢9’8(/Lé17)) > wi7. SO we use Lemma 12
with 0'5(917) = (2.08)8. Here(ﬁg,g(dén)) < w17

InCase (i) i.e. foB3; Bs ... By < (2.08)% we haveB;y < max{Bi1,--- ,Bir}
which in turn is< w74} ;.

P (2.3098565)7

A1 T (2.08)F

In Case (i) i.e. forB By . .. By > 2.08% we haveB;o <

< 1.001356 which is easily seen to be u;7¢},.

Now in both the cases
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B1 —+ 233 -+ 2B5 —+ 2B7 =+ 2B9 —+ 2311 —+ 2313 =+ 2315 =+ 2317

} 0

3
u17 + zurr + urr + uiy + Uy

2

} Bi7

1.5 31/4 3
A3

(0.46873)2 ' 0.46873 ' 2

ast}; = 0.3567496 andB; < ;7 < 3.1506793 (see Table 2). This is a contradic-
tion to the weak inequality1, 2,2, - - - , 2). O

< 3.1506793 + 2 {

=

< 3.1506793 + 2 {

0.46873

3
—+1
0.46873 * 2 *

} 0, < 21.6026907 = wiy

3.24—n=21

Herews; = 29.16383254 andms; = 3.3153098. By Lemma 10 we can take
By < ¢4, = 0.3182. By Lemmas 7, 8 and 9 we have

1< Al

0.75< APV < BBy < !

(21)

0.5 < A @

< B1B2B3 < g

(21)

025§A4 SBlBQ...B4§,LL4

(0.46873) 21
3(0.46873)?
16

4 18
0.1281< SCABTIT )
256811
(0.46873)1% (1)
0.5279 < ~———— < A
64B13 8
(0.46873)'% (21
64735% < /\g() ) < BlB2
(0.46873)10

<A\ < BB
32Bll  — 0 =R

(21)
< B1By...B5 < uéﬂ) =
<AV < BiBy...Bs < i

< Bi1By...B7 < uy

SBlBQ...BgSMS

(21)

< By < a1 < 3.6422432 = u{*"),

= (1.1398147)19,

(1.219952)18,

= (1.3081094)17,
(1.4053818)16,

(1) — (1.5130595)3,

1) — (1.6326769)™,

D — (1.7660666)"3,

... By < puiM = (1.9154372)'2,
... By < pZY = (2.0834682)"".
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It is easy to see that
max { go21-s V), duzi— (W), for 1 < s <9} = 6120 (u™) < war.
Therefore by Lemma 11 we can tak& < max{B;i1,---,B2} fori =

2,3,---,10. Thisimpliesthateach @By, - - - , Bygisless thamax{Bii, -, Ba1 }.

. 4/3
Again by Lemmas 1 and 2 we getax{Bjs,--- ,B < —1
4/3

m b1 = u21l, (say); soeachaBy, By, -+, Bigis < max{Bj1, u21ly; }.

By <

We notice that/)m’ll()\%l)) < waq but¢10711(;¢§%1)) > wo1. SO we apply Lemma
12 with 0‘%1) = (2.058)11. Hereqﬁlo,n(a%l)) < wWo21.

In Case (I) i.e.folB1By... By < (2058)11 we haveB; < max{312, s ,Bgl}
which in turn is< ug; 65, .

(21)
In Case (i) i.e. forBiBy...Bjy > (2.058)' we have By < Mgl) =
O10

(2.2734606)'°

2.058)10 < 1.31515 which is easily seen to be wug; 0.

Now in both the cases
2By 4+ B3+ 2B5 + 2B7 + 2Bg + 2811 + 2B13 4+ 2B15 + 2B17 4+ 2B19g + 2B9;

1
<2 {U21 + Ju21 + u21 + u21 + u21 + U21} lh,

+2 ! oL 3 lp
(0.46873)2 ' 0.46873 ' 0.46873 ' 2 21

25/3 2.5
2 2.5 p 0y < 29.1638254 = 05, = 0.3182.
{(0.46873)2 T o83 " } 21 w21 88 fa
This is a contradiction to the weak inequali®; 1,2, - - - , 2). O
325—m=31

Herews; = 56.0735184 andmg; = 4.4974263. By Lemma 10 we can takB3; <
%, = 0.1835723. By Lemmas 7, 8 and 9 we have
(31)

1< AP < By <y < 4.8483483 = ),

0.75 < APV < BBy < ufY = (1.1120381)%,
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0.5 < AP < BiByBs < pufV = (1.1744075)%,

025 <A™ < BB, ... By < Y = (1.2415699)%,

(0.46873)
4
3(0.46873)? 31
( * PV
(0.46873)3
8
(0.46873)%
16
(0.46873)°
16

<A < BiBy...Bs < p) = (1.3140112)%,

< BiBy... B < uV = (1.3922802)%,

< )\gsl) < BiBy...B7 < u?’” = (1.4769984)*,

<AV < BiBy.. By < ufY = (1.5687601)%,

<A™ < BB, ... By < SV = (1.6685893)%2,
(0.46873)*
1024 B2

(0.46873)%0
1024829

(0.46873)36
512B1Y

3(0.46873)32
(1024318) <Ay < BiBy... By < py) = (2.1682245)'°,
31
(0.46873)*
256817

(0.46873)24
256816

0.0043 < <AV < BiBy...Big < i) = (1.7773033)%,

0.0355 < <A}V < BiB,... By < piY = (1.8959636)%,

(31)

0.2701 < <A < BiBy... By < ) = (2.0257964)",

1<

<A < BiBy... By < 3 = (2.324907)"7,

<A < BBy .. Bis < i) = (2.4977895)1.

Itis easy to see that
max {¢s,31—s(/\g31)), <Z5s,31—s(,ug31)), for1 <s< 14} = ¢14,17(Mﬁl)) < wzl.

Therefore by Lemma 11 we can takk®& < max{B;;1,---,Bs1} fori =
2,3,---,15. Thisimplies thateach @8, - - - , By5 isless thamax{Byg, - - - , B31}.
. . e/ —
(0.46873)3 (0.46873)3 3!
u31lyy (say) andmax{Biz, -, Bs1} < usilyy; so each ofBy, Bs, - -+ , By is
S maX{B16, U31€él}.

Again by Lemmas 1 and 2 we havgy; < B3 <
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We notice that¢15,16(/\§%1)) < w3 but ¢15,16(N§%1)) > w31, SO we apply
Lemma 12 Witl‘b’%l) = (2.47)16, Here¢15,16(agl)) < wsq.

InCase (i)i.e. foB1 Bs ... By < (2.47)'6 we haveBg < max{Bi7,--- , B3}
which in turn is< us; 45, .

31

MgG :

31
U§5 )

In Case (i) i.e. forBiBy...Bis > (2.47)'6 we have B < <

(2.6891655)'°

2.47)10 < 1.4491446 which is easily seen to be us3; 5.

Now in both the cases
2By + B3 +2Bs + -+ -+ 2B15 + 2B17 + 2B1g + - - - + 2B31

1
< 2{ug + §U31 + uz1 + uzl + uzl + u3l +u3l + u3l + U31}€§1

1.5 1 1.5 1 3
2 S4+1+B
- {(0.46873)3 T {0.46873)2 T (0.46873)2 " 0.46873 ' 046873 ' 2 T } 31

13.75 2.5 2.5
2.5 5l < 56.0735184 =
{(0.46873)3 T (0468737 T 046873 } 381 S w31
as (5, = 0.1835723.
This is a contradiction to the weak inequali®; 1,2, - - - , 2). O
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